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1. Introduction

Consider a universe where the units are
grouped into a number of class intervals or
strata according to the variate values of an
important characteristic of each of these units.
Hereafter the variate value of such a character-
istic will be termed the stratification variable.
Due to changes in the stratification variable
each group of units assigned to a particular
stratum (out of a total of L) at a point or epoch
of time before a survey is now distributed in a
particular manner over L+l strata, hereafter to
be termed transitional strata, at the time of
the survey, the (I+1)th stratum consisting of
units having one or more special characteristics,
e.g. going out of business in the context of a
farm economy. In this paper we shall define the
special characteristic for those units found in
each of the (I+1)th strata as one of having zero
variate values for all variables of interest to
the survey.

At a point or epoch of time before é survey
let Nh be the number of units in the hth stratum

(h=1,2, ..., L). This is known to the sample
surveyor. At the time of the survey the strati-
fication variable of some of the units of the

hth stratum changes, and Nhj out of Nh units are

found in the jtP transitional stratum

(j =1, 2, ..., I#+l); the sample surveyor has
evidence of this change only from his sample.
Let xhjk be a variate value of interest of the

kth unit of the jth transitional stratum of the
nth original stratum (h =1, 2, ..., L;

j=1,2, ..., IM; k=1,2, ..., N.). The
problem is to estimate J
L I+l Ny;
T= I I I - (1)
h=l j=1 k=1 "njk

on the basis of a stratified sample of n, n,,

«ee, N units drawn by simple random sampling

L
without replacement from each respective original
stratum.
Nhj
Ir B = kil xhjk/n 5 for all (h,j),
is the mean of the jtB transitional stratum of

the hth original stratum, then (1) may be
rewritten as

L L :
T= ¥ I N.%., (1.1)
h=l j=1 ™ "nj

since §hj =0 forh=1,2, ..., L and
j = I#+l. Further with respect to the original

L
stratification if ih = I Nhj §hj/N , then
j=1

(1.1) may also be rewritten as

L -
T= % N %. (1.2)
ey B *h

2. Estimation Problems

The stratified sample shows that nhj out of
n, units, drawn from the hth original stratum,

are found in the jth transitional stratum in
regard to which

0 < Ty <n,, forall (h,j). (2)

The universe total T may be estimated
(i) by standard theory, effectively ignoring
the information provided by (2) regarding
the transition of units from stratum to
stratum, or
(ii) by taking into account these transitions.

Estimation by standard theory. In this
case the usual estimator of T is

L
T=: N %, (3)
ey B *h

where ih is the mean of the sample units in

stratum h. Alternatively in (1.1) if unbiased
estimates of Nhj and ihj are substituted, viz.

A Dy
iy - il )
and

for all relevant (h,j), then it is not difficult
to see that the resulting estimator does not
involve the nhj's and is identical to (3). The

variance of this estimator is

L 82
vd) = 1w E D), (6)
h=1 ° "n h
where
, Ny " |
82 =3 f (x . -%)2/(N -1) for all h.
h 7 I) gep  hiK 0



Estimation taking into account transition
probabllltles. The probability of transition
of a unit in stratum h to the jth transitional
stratum is ph’J NhJ/N B and on the basis of

sample data an unbiased estimate of this transi-
tion probability is Ppj = nhj/nh for all (h,j).

Thus we have a matrix, with I+l rows and L
columns, of the estimated transition probabili-
ties

(Bys)- (1)

This matrix multiplied by the column vector of
the number of units in the L strata at the
point of epoch of time before the survey, i.e.,
{Nl, N NL}, yields a vector of L+l

unbiased estimates of the number of units in
the I+l strata at the time of the survey, the
number in the jth stratum being

A L a
N.= L p.N,
oJ h=1 hj 'h

PEERRRR

(8)

which is simply the sum over h of the estimate
given by (k). By classical theory the variance

of N ;° for all j, is given by
- _ L 2 Phjj:(l-Phj) Nh-nh
V(v )= 1z N2 G- (9:1)
9 p=1 P h
Also
“n

= 2
Cov(N 3 N j') E N pthhJ' (

for all j$j'. (9.2)

On the basis of the estimated stratum numbers
given by (8), a biased but consistent estimator
of T is

T'= I
j=1

(10)

RSN g “ni/ 5y )

The loss in efficiency of the original strati-
fication is to some extent regained by

restratification through pooling each set of L

transitional strata relating to the same range

of x-values; this is the justification for con-

7tr%cting an alternative estimator T' given by
10).

We shall derive briefly an expression for
the bias of T'. Substituting the expression
for & j in (10), and denoting the random

variables specified in (2) by ghj we find

E(T') = E{E(T'lghj)}

L
I . %
L L N _ th xh,j
=E{z (¢: —hnh.) (hlL )}
j=1 h=1"n M .
h=1 "nj
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L L N X. .
h th £( thJ

=3 I )
j=1 h=1

$ n .

=] th

L L NX, n.n;.
4§ p -Bn E( th'h"]). (11)

j=1 ndn' Pn L
z nh.
h=1 M

In order to evaluate the expectations of
ratios of functions of random variables found in
(11) we need the following result due to one of
us. If X and Y are pairs of random variables '
with X assuming all values but not zero, then

EZ(X)

+ Ez%fy B & (x-E())2). (12)
With this result, we find
(zngi. Eﬁzhilh )~ Cov;ﬁg’nﬁ.x)lhj)
h M n b
1M
* i) {znfla (3 (ny -5y ))2), - (13)
and
E(nlzljn%ht,] E;r(ngZ') i Coﬂn‘g%?;“’,’j‘ n ;)
Y hth
* Ez(ilnhj) E{ngjnn:;j (3B )20 (24)

Further details of the derivation of E(T') are
found in the appendix. Considering only the
leading terms of (13) and (14) we find

L
E(T') = T + -[ I {z

NN D D .
=1 mon' h h'PniPn';
Oy
(thx'h )(—-T)/(Z ahph
L N, -nh L
+ hzl NthhJ(l phJ)(N 77 /¢ ElahphJ)}], (15)

where ah=nh/n is the proportion of the sample

allocated to stratum h. Now ihj is the mean of

all the Nhj units of the hth original stratum

which have moved to the jth transitional stratum.
Similarly ih'j is the mean of all the Nh'j units

of the h'th original stratum which have moved to

the jth transitional stratum. Since by this pro-
cedure of restratification the range of x-values

in each of the jth transitional strata is con-

trolled, the differences xhj-ih'j’ for all h>h',



could not be considerable. Further it is
unlikely that the signs of such differences are
the same unless the class interval of the
stratification variable is wide. Indeed (15)
suggests that the bias, E(T')-T, can be
reduced by narrowing the width of the transi-
tional strata so as to make the X's for each J
as equal as possible, in which situation this
bias will be negligible when n is large.

The first steps in the derivation of the
variance of T' are as follows:

v(r') = V{E(T'|Ehj)} + B V(T'lghj)} =
) v{jgl (h§1 gf nhj) (Héégfgggfii)}
+ E{jgl‘ (hgl ih—h nhj)z ?i—zhl_JTT )
hgl " §§§ Q- ;ﬁ?)}, (16)
Vnj

where S2. =

2 zl (xhjk—ihj)zl(mhj-l) for all

J k=
(h,j). The first part of the variance function
V{ } may be ascribed to movement of some of the
units of the original strata to their respec-

tive transitional strata resulting in the ihj's.

This variance function involves the products of
the estimates of the transition probabilities
nhj/nh and the corresponding transitional

stratum weights nhj/z n_., and also involves

hj
the relevant cross-product terms. It can be
shown that the variances and covariances of all
these product and cross-product terms are of

order l/nﬁ for all h so that there is control

on this part of the variance through restrati-
fication. The second part of the variance
function is due to the variation of the x's in
the transitional strata. We again remark that
this source of variation can be controlled by
narrowing the width of the transitional strata.

The variance of the unbiased estimator given
by (6) can be rewritten as

A L n, . L N.
V() = & N2 (1- 22 = 1 (Z)(R .-X)°
pep BN mp sl BT T
2

e A T N MO R
+ I (1- P

h=1 "n h h

L n L N .-1

+ L N2 (1- ﬁﬁ) 2 3 (—%1—-) 8hst (17)

h=1 h ' ®mj=1 hn

The expression speaks for itself. There are
reasons to believe that V(T) can be greater than
V(T'), because of the middle term in (17).
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-The variance expression for T' is developed
to this point just to gain an insight into the
features commented upon in the foregoing
account. An exact expression for it will
involve all the transition probabilities, and is
not useful for estimation purposes because of
its complexity.

The problem of variance estimation can be
resolved by redesigning the survey so as to have
two or more independent stratified samples, each
yielding an independent -estimate of T. When the
total sample consists of two independent repli-
cates, then the variance of the mean T=(Ti+Té)/2
is given by -

v(T) = (z}-1})2/h, (28)

despite the complexity of (16).

3. Remarks

The problem has been considered in the con-
text of one-stage stratified sampling partly
because it is simple, the strata corresponding
to the "states" in the theory of Markov chains,
and partly because the problem was originally
seen in relation to this sampling design. The
problem of estimation can be considered almost
along the same lines for more ramified sampling
designs.
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Appendix

Derivation of E(T'). For evaluation of
terms involved in (13) and (14) we note the
following.

- 2y 2 n2n2 .
E(ny;) = mpy o5 Elnys) = nfpp. + mypy .ap Ty
By 51 5) = Byl PP g0

where th=l

n -1

o= (1- ——
N -1

-phJQ h )s

L
Cov(nﬁj,hzl nhj) = E(ngj) - E(ngj) E(nhj)

= n2p2 — - -



and
L

Cov(nhjnh,j, hfl nhj) = Cov(nhjnh'j’ nhj)

+ Cov(nhjnh,j, nh'j)
= E(nh.j) V(nhj) + E(nhj) V(nh.j)

= DBy Py 3Py (fh:hj + L ey eg)e

L
Further denoting E{-JL- (¢ (nhj'nhphj))z}

J h=1

(2)

by Ryj » Ve eet from (11), (13) and (1k)

L L p2.
E(r) =2 5 {I NE. 329—54—
j=1 h=1 J 2 %Py;
5 SN A
+I N xh fi%rlLéglLl}
ngnt BB b “bhj
L p, .q, .T
+1 5 3 NE b
D j=1 h=1 L “BPhj
L L NX
1 n*hj 2
-7z {n pZ.(3-q .f )
" j=1 =1 '] “u%hj "BPhg " %ng
&
- o- £ aJ
phJ( 39,5 J) o }

. L
In. (nhj-nhphj))z}
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L L

L Nhih,.
Z .
j=1 hin' Eﬁ ahphjj

B

Ré?)
PR < I
{nhph'jphj(thhj + fhlthj) nh }

°

where ah=nh/n is the proportion of sample

allocated to stratum h. Ignoring the contribu-
tions of third and fourth term for large sample
size and adding and subtracting

L

L
hih' (thhj phj)(nh.ph.j)/hz1 P

to the first term we can write

L L
E(T') = I
j=1 h- th
L L 1Py
+ l. r {: (xh xh ) _:il_llJL_
% j=1 h=h' 'R
J Z o. Pp.
h hj
h=1
L f
Ghyy
+ z N xhj I 1,

z -1 bPnj

which can also be expressed in the form given
in (15).



